A note on long rainbow arithmetic progressions by Geneson, Jesse
ar
X
iv
:1
81
1.
07
98
9v
1 
 [m
ath
.C
O]
  1
9 N
ov
 20
18
A note on long rainbow arithmetic progressions
Jesse Geneson
ISU
geneson@gmail.com
November 21, 2018
Abstract
Jungic´ et al (2003) defined Tk as the minimal number t ∈ N such that there is a
rainbow arithmetic progression of length k in every equinumerous t-coloring of [tn] for
every n ∈ N. They proved that for every k ≥ 3, ⌊k
2
4 ⌋ < Tk ≤
k(k−1)2
2 and conjectured
that Tk = Θ(k
2). We prove for all ǫ > 0 that Tk = O(k
5/2+ǫ) using the Ko˝va´ri-So´s-
Tura´n theorem and Wigert’s bound on the divisor function.
A coloring is called equinumerous if each color is used an equal number of times. We call
an arithmetic progression rainbow if it does not contain any terms of the same color. We
use the notation AP (k) for arithmetic progression of length k, so Tk is the minimal number
t ∈ N such that there is a rainbow AP (k) in every equinumerous t-coloring of [tn] for every
n ∈ N.
Besides the bounds ⌊k
2
4
⌋ < Tk ≤
k(k−1)2
2
for every k ≥ 3 from [4], it is also known that
Tk > k for every k > 5 [1], T3 = 3 [1, 5], and T4 > 4 [3]. A variant of Tk in which the
coloring is not required to be equinumerous was investigated in [2]. In this note, we prove
for all ǫ > 0 that Tk = O(k
5/2+ǫ).
Our proof represents the occurrences of a single color in [tn] with a family of 0-1 matrices,
and we bound Tk using the Ko˝va´ri-So´s-Tura´n theorem. We say that a 0-1 matrix A avoids
a 0-1 matrix P if there is no submatrix in A that is equal to P or that can be transformed
into P by changing some ones to zeroes. Define ex(m,n, P ) as the maximum number of ones
in an m× n 0-1 matrix that avoids P . We let Rs,t denote the s× t matrix of all ones.
Theorem 1. [6] For all m,n, s, t ≥ 2, ex(m,n,Rs,t) ≤ (s−1)
1/t(n− t+1)m1−1/t+(t−1)m.
Let τ(n) be the number of positive integer divisors of n. We use Wigert’s upper bound
on τ(n) [7] for our bound on Tk.
Theorem 2. [7] τ(n) = nO(
1
ln lnn
)
Before we prove the new bound, we start with the proof of the O(k3) upper bound from
[4] since the beginning of our proof is the same. There was a small typo in the proof in [4]
for the value of the number of AP (k)s in [m], which we correct in the version below.
1
Theorem 3. [4] Tk = O(k
3)
Proof. Let m = a(k − 1) + b with k ≥ 3, a ≥ 1, and 0 ≤ b < k − 1. Since there is a bijective
correspondence between the set of all AP (k)s and the set of all 2-element sets {x, y} ⊂ [m],
x < y, with x ≡ y (mod k − 1), the number of all AP (k)s in [m] is b
(
a+1
2
)
+ (k − b− 1)
(
a
2
)
,
implying that the number of AP (k)s in [tn] is greater than tn(tn−3(k−1))
2(k−1)
.
For any equinumerous t-coloring of [tn], in each color there are
(
n
2
)
pairs of numbers. Each
pair can be terms of at most
(
k
2
)
different AP (k)s. Thus for any equinumerous t-coloring
of [tn], there are at most t
(
k
2
)(
n
2
)
AP (k)s that are not rainbow. Thus Tk is bounded by the
smallest t satisfying tn(tn−3(k−1))
2(k−1)
≥ t
(
k
2
)(
n
2
)
for all n, giving the bound.
Theorem 4. Tk = O(k
5/2+ǫ) for all ǫ > 0
Proof. Let t be minimal so that there is a rainbow AP (k) in every equinumerous t-coloring
of [tn] for all n ∈ N. From the bounds proved in [4], we may assume that t < k3.
The overall method of the proof is the same as Jungic´ et al [4], until the point where we
find an upper bound on the number of AP (k)s in [tn] that are not rainbow. For this bound,
we split into cases depending on whether n ≤ k.
If n ≤ k, then tn < k4. In each color, there are
(
n
2
)
pairs of numbers. The difference
between the numbers in each pair is less than k4, so that difference has at most ko(1) divisors
by Theorem 2. Thus each pair can be terms of at most k1+o(1) different AP (k)s. Therefore
for any t-regular coloring of [tn], there are at most t
(
n
2
)
k1+o(1) AP (k)s that are not rainbow.
The smallest t satisfying tn(tn−3(k−1))
2(k−1)
≥ t
(
n
2
)
k1+o(1) for all n ≤ k is O(k2+ǫ) for all ǫ > 0.
Now if n > k, fix an arbitrary color ci and let a1 < · · · < an be the n numbers in
[tn] colored with ci. We call the gap between aj and aj+1 wide if aj+1 − aj > k
8. By the
pigeonhole principle, there are at most tn
k8
< n
k5
wide gaps between the consecutive numbers
colored with ci.
Partition the numbers colored with ci into blocks of k consecutive numbers, where only
the last block may have fewer than k numbers. We say a block is wide if it contains both of
the consecutive numbers in a wide gap. Since there are at most n
k5
wide gaps between the
consecutive numbers colored with ci, there are at most
n
k5
wide blocks. In all other blocks,
all of the gaps are not wide.
Fix 1 ≤ j ≤ n − 1. The number of ar that lie in a wide block is at most
n
k4
since there
are at most n
k5
wide blocks and each block contains at most k numbers. Thus there are at
most n
k4
(
k
2
)
AP (k)s containing both aj and ar for some r such that j < r and ar lies in a
wide block.
Next we bound the number of AP (k)s containing both aj and ar for some r such that j < r
and ar lies in a non-wide block. Define a family of 0-1 matrices {A
s}1≤s≤⌈n
k
⌉ corresponding
to the blocks, each with k − 1 rows and at most k columns, such that Asx,y = 1 if and only
if x divides a(s−1)k+y − aj .
For any fixed r with j < r, the number of AP (k)s containing both aj and ar is at most
kτ(ar − aj). Thus the number of AP (k)s containing both aj and ar for some r such that
j < r and ar lies in the block s is at most k times the number of ones in A
s.
2
By Theorem 2, As avoids Rq,2, where q = k
o(1) for non-wide s. By the Ko˝va´ri-So´s-Tura´n
theorem, As has at most k3/2+o(1) + k ones for non-wide s. Thus the number of AP (k)s
containing both aj and ar for some r such that j < r and ar lies in the non-wide block s is
at most k5/2+o(1) + k2.
Since there are at most ⌈n
k
⌉ ≤ 2n
k
non-wide blocks, there are at most tn(2n
k
(k5/2+o(1) +
k2) + n
k4
(
k
2
)
) AP (k)s in [tn] that are not rainbow. The smallest t satisfying tn(tn−3(k−1))
2(k−1)
≥
tn(2n
k
(k5/2+o(1)+k2)+ n
k4
(
k
2
)
) for all n > k is O(k5/2+ǫ) for all ǫ > 0, completing the proof.
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